Abstract. Let q be an odd prime, m a positive integer, and let Γ m (q) be the group generated by two elements x and y subject to the relations x 2m = y qm = 1 and x 2 = y q ; that is, Γ m (q) is the free product of two cyclic groups of orders 2m respectively qm, amalgamated along their subgroups of order m. Our main result determines the parity behaviour of the generalized subgroup numbers of Γ m (q) which were defined in [T. W. Müller, Adv. in Math. 153 (2000), , and which count all the homomorphisms of index n subgroups of Γ m (q) into a given finite group H, in the case when gcd(m, |H|) = 1. This computation depends upon the solution of three counting problems in the Hecke group H(q) = C 2 * C q : (i) determination of the parity of the subgroup numbers of H(q); (ii) determination of the parity of the number of index n subgroups of H(q) which are isomorphic to a free product of copies of C 2 and of C ∞ ; (iii) determination of the parity of the number of index n subgroups in H(q) which are isomorphic to a free product of copies of C q . The first problem has already been solved in
1. Introduction 1.1. The study of congruences for subgroup numbers and related numerical quantities of groups is almost as old as group theory itself. The reader might think for instance of Frobenius' refinement in [8] of one of Sylow's fundamental theorems:
(I) the number N p,r (G) of subgroups of order p r in a finite group G, whose order is divisible by p r , satisfies N p,r (G) ≡ 1 mod p.
Related results concern the number of solutions of equations in finite groups. The model result here is again due to Frobenius, [9] :
(II) the number of solutions of the equation x m = 1 in a finite group G is a multiple of gcd(m, |G|).
The last result was considerably extended and sharpened by P. Hall [14] , building heavily on his groundbreaking work [13] concerning the structure of finite p-groups.
From a somewhat more abstract point of view, Frobenius' theorem (II) provides congruences for the number of homomorphisms of a finite cyclic group into a finite group G; and it is this point of view, which explains the connection between results of types (I) and (II). Certain sequences {G n } n≥0 of finite groups, like the sequence G n = S n of symmetric groups or, more generally, a sequence of full monomial groups G n = H ≀ S n , have the power of relating the enumeration of finite index subgroups by index (or similar counting functions) in an arbitrary finitely generated group Γ to the counting of homomorphisms Γ → G n . On the level of generating functions, this relationship is of exponential type; see Formula (5.3) for a concrete example in this direction.
To some extent, divisibility properties of subgroup numbers of a (finitely generated) infinite group may be viewed as a kind of analogue to these classical results for finite groups. Further motivation comes from subgroup growth theory, which studies growth, asymptotics, and more delicate number-theoretic properties of subgroup counting functions; cf. the monograph [17] for an overview of results up to about 2002. As far as divisibility properties are concerned, it was a, by now classical, result of Stothers concerning the modular group Γ = PSL 2 (Z), which prompted the quest that led to the delicate congruence patterns exhibited by Hecke groups and other free products. Stothers [33] showed that (III) the number of index n subgroups in the modular group is odd if, and only if, n is of the form 2-power minus 3 or 2-power minus 6.
The present paper continues this line of research by investigating the parity of (generalized) subgroup numbers of certain free products with amalgamation, which may be viewed as lifts of an underlying Hecke group. We now turn to a more precise description of the contents of this paper.
For an odd prime q, let
H(q) = x, y x 2 = y q = 1 ∼ = C 2 * C q (1.1)
The systematic investigation of divisibility properties of subgroup counting functions begins with [28] (which had circulated in the subgroup growth community for some years), where the parity of s q (n) := s H(q) (n) and of the number of free subgroups in H(q) of given finite index is determined. These results have been generalized to larger classes of groups and primes not necessarily equal to 2 in [26, 29] . For a survey of these and related developments up to 2001, the reader may consult [27] .
The present paper is a first attempt to study divisibility properties of (generalized) subgroup numbers for amalgamated products. Our main result (see Theorem 26 in Section 6) determines the parity behaviour of the generalized subgroup numbers s H Γm(q) (n) in the case when gcd(m, |H|) = 1. As Proposition 1 in the next section shows, this computation can be reduced to the solution of three counting problems in the Hecke group H(q) = C 2 * C q :
(i) determination of the parity of the subgroup numbers s q (n) of H(q); (ii) determination of the parity of the numbers M q (n), where, by definition, M q (n) is the number of index n subgroups of H(q) isomorphic to a free product of copies of C 2 and of C ∞ ; (iii) determination of the parity of the numbers N q (n), where, by definition, N q (n) is the number of index n subgroups of H(q) isomorphic to a free product of copies of C q .
The first problem has already been solved in [28, Cor. 4] . The corresponding result is recalled here as Theorem 2 in the next section. Problem (ii) is solved in Theorem 16 in Section 4, which, perhaps somewhat surprisingly, shows that the numbers M q (n) are always even, and Problem (iii) is solved in Theorem 24 in Section 5.
The purpose of Section 3 is to develop in some detail the language of coset diagrams for the groups H(q), in order to prepare for the proof of Theorem 16. This proof needs several partial results, which are the subject of Section 4. The first observation is that M q (n) = 0 if q does not divide n, see (4.2) . It therefore suffices to investigate the parity of the numbers M q (qk), where k is some positive integer. The enumerative relation between the coset diagrams and subgroup numbers is made precise in Subsection 4.1. This is done in greater generality than actually needed in our paper, in order to record the corresponding facts for possible use elsewhere. Lemma 6 expresses the numbers of index n subgroups of H(q) which are isomorphic to C for the 2-adic analysis in this case. Instead, we use results of Stothers [33] to prove in Proposition 15, also in Subsection 4.3, that M 3 (3k) is even as well.
Section 5 puts together the ingredients for the proof of Theorem 24. The starting point is the observation that the parity of N q (n) is the same as the parity of the generalized subgroup numbers s H q (n) := s H H(q) (n) with |H| even, see (5.2) . Just as subgroup numbers are connected with the enumeration of permutation representations, by [23, Cor. 1 ] the generalized subgroup numbers s H Γ (n) of a finitely generated group Γ are related to the function | Hom(Γ, H ≀ S n )|, counting monomial representations of Γ, via an identity of exponential type, which is restated here in (5.3) . This identity is exploited in Subsections 5.1-5.3 to compute the generalized subgroup numbers s H q (n) via a generating function approach, and to determine their parity in the case when H has even order in Subsection 5.5, thereby also determining the parity of N q (n). As a side result, we actually obtain a formula leading to an integral recurrence relation for the numbers s H q (n), n = 0, 1, . . . , for each fixed q; see (5.26) . This aspect is illustrated in Subsection 5.4 with the modular group H(3); see Proposition 23.
Since the proofs of some auxiliary results in Sections 4 and 5 are tedious, involving however relatively straightforward calculations, we have put these proofs in an appendix, so that they do not distract from or obscure the main line of arguments.
The final section, Section 6, contains our main result, Theorem 26, determining the parity behaviour of the generalized subgroup numbers s H Γm(q) (n) in the case when gcd(m, |H|) = 1, as well as its specialization to the case when q is a Fermat prime, in which case one can be much more precise (see Corollary 27), together with further simplifications when m and/or n satisfy some more specific properties.
A reduction result
For an odd prime q, let Γ m = Γ m (q) be as in the introduction. We note that
. In this section we will show that the parity behaviour of the generalized subgroup numbers of these groups can be computed in terms of certain subgroup numbers pertaining to the base group H(q); see Proposition 1.
so that ζ is a primitive element for the centre of Γ m . For a positive integer n, a divisor d of m, and a finite group H, define
In what follows, we shall find it necessary to suppose that gcd(m, |H|) = 1. Under the natural projection
the subgroups ∆ of index n in Γ m having the property that ∆ ⊇ ζ m/d correspond bijectively to the totality of index n subgroups in Γ m/d . Moreover, since gcd(m, |H|) = 1, every homomorphism ϕ : ∆ → H factors through the canonical projection π
and thus s
Fixing q, m, n, and H, and setting
and letting P be the poset with ground-set N and partial order defined by x ≤ y if, and only if, y | x, Equation (2.2) translates into
and, by definition of the function f , we have f (x) = 0 unless x ≥ m. By Möbius inversion (cf. [31, Propositions 2-3]), we find that
where µ P (x, y) is the Möbius function in the poset P . It is well-known that µ P (x, y) = µ(x/y) for x ≤ y (that is, y | x), where µ(·) is the classical Möbius function of number theory. Hence, we have
On the other hand, if we set d = 1 in (2.3) and apply Möbius inversion in the other direction, we obtain
Our next task is to compute s H Γm (1, n) modulo 2. If there exists a subgroup ∆ ≤ Γ m with (Γ m : ∆) = n and ∆ ∩ ζ = 1, then
hence, m must divide n. Thus,
Suppose now that m | n. Given a subgroup ∆ ≤ Γ m with (Γ m : ∆) = n and ∆∩ ζ = 1, consider the diagram
(a number next to an arrow indicates the index of the corresponding embedding). Reading Diagram (2.6) from bottom to top, we can describe ∆ as a complement to ζ in the lift ∆ = π −1 m (∆) of a subgroup∆ inΓ ∼ = H(q) with (Γ :∆) = n/m. Hence,
where
Given∆ ≤Γ of index n/m, when does ζ split in π −1 m (∆)? To answer this question, we make use of the long exact (Mayer-Vietoris) sequence
associated with an amalgamated product G = G 
with non-negative integers λ(∆), µ(∆), ν(∆) (these cardinal numbers are seen to be finite through a comparison of Euler characteristics; cf. Equation (3.3) below). Applying (2.8) together with the fact that every extension by a free group splits, we see that
We now distinguish four cases. Given the information in (2.10)-(2.13), we can now evaluate the quantities s H Γm (1, n) modulo 2 in terms of data associated with the base groupΓ alone. Denote by M q (n) the number of index n subgroups∆ inΓ = H(q) with the property that µ(∆) = 0, by N q (n) the number of subgroups of index n inΓ which are isomorphic to a free power of C q , and recall that s q (n) denotes the number of index n subgroups in H(q). Proposition 1. For m, n ≥ 1, an odd prime q, and a finite group H, we have otherwise
Proof. This is straightforward. For instance, in the first case (2 | m | n and q ∤ m), the computation runs as follows:
whereΓ = H(q), and where we have made use of (2.7), (2.12), and the fact that
is always odd. Computations for the other cases are similar, and are left to the reader.
Combining Equation (2.4) with Proposition 1, the calculation of the generalized subgroup numbers s H Γm(q) (n) modulo 2 has been reduced to the mod 2 calculation of the numbers s q (n), M q (n), and N q (n). The first problem has already been solved in [28, Cor. 4] . The result reads as follows.
Theorem 2. Let q be an odd prime. Then s q (n) ≡ 1 (mod 2) if, and only if, n = 1 + 2(q − 1)η or n = 2 + 4(q − 1)η, where
(2.14)
Here, s 2 (x) denotes the sum of digits in the binary expansion of the positive integer x. In particular, if q is a Fermat prime, then s q (n) ≡ 1 (mod 2) if, and only if,
Coset diagrams associated with Hecke groups
There is a well-known connection between the subgroups of index n in a group Γ and the transitive permutation representations of Γ of degree n, which is sometimes useful to obtain information concerning various subgroup numbers of Γ. As the details of this relationship are somewhat hard to find in the literature, we provide a brief discussion of the general facts in Subsection 3.1 for the convenience of the reader, after which we focus on the special case of Hecke groups and their diagrams in Subsection 3.2. This discussion will provide the basis for the mod 2 determination of the numbers M q (n) in Section 4.
Transitive permutation representations versus finite-index subgroups.
Here, and in the rest of the paper, for a non-negative integer n, the symbol [n] will always denote the standard set {1, 2, . . . , n} of size n. Let S n = Sym([n]) be the symmetric group of degree n acting on the standard set [n], endowed with geometric multiplication, let U n = stab Sn (1) be the stabilizer of the letter 1 in S n , and, for a group Γ, denote by T n (Γ) the set of all transitive permutation representations ϕ : Γ → S n . For a permutation σ ∈ S n , let ι σ be the inner automorphism of S n induced by σ,
and define a left action of U n on T n (Γ) via the commutative diagram
where id Γ is the identity map on Γ. The basic observation is now the following.
Proposition 3. (i)
The action of U n on T n (Γ) is free; in particular, each equivalence class of T n (Γ) modulo U n contains precisely (n − 1)! elements.
(ii) There is a one-to-one correspondence between the subgroups of index n in Γ and the equivalence classes of T n (Γ) under the action of U n .
Proof. (i) Suppose that σ · ϕ = ϕ for some σ ∈ U n and some ϕ ∈ T n (Γ). By transitivity, given j ∈ [n], there exists γ j ∈ Γ such that ϕ(γ j )(1) = j, and hence
Since j was arbitrary, we conclude that σ = id [n] ; thus, the action of U n on T n (Γ) is free as claimed. The particular statement follows from this and the fact that U n ∼ = S n−1 .
(ii) Given ϕ ∈ T n (Γ), the subgroup
has index n in Γ, since a set of elements {γ 1 , γ 2 , . . . , γ n } chosen as in part (i) forms a system of (left) coset representatives for Γ modulo ∆ ϕ . Further, if ϕ 2 = σ · ϕ 1 for some σ ∈ U n , then
Hence, the assignment ϕ → ∆ ϕ induces a well-defined map
A subgroup ∆ ≤ Γ of index n in Γ induces a transitive Γ-action by left multiplication on the n-set Γ/∆ of left cosets which, after suitable renaming, becomes a transitive Γ-action on [n] with the property that stab(1) = ∆. This shows that Φ is surjective.
To prove injectivity, suppose that ϕ 1 , ϕ 2 ∈ T n (Γ) are two transitive permutation representations of Γ on [n], such that ∆ ϕ 1 = ∆ ϕ 2 . As before, choose elements γ 1 , γ 2 , . . . , γ n ∈ Γ such that
and define a permutation σ 0 ∈ U n via
Then, for γ ∈ Γ and j ∈ [n], and with γγ j ∼ ∆ϕ 1 γ k , we have
Since j and γ were arbitrary, this shows that σ 0 · ϕ 1 = ϕ 2 ; that is, ϕ 1 and ϕ 2 are equivalent under the action of U n , as required.
3.2. The case of Hecke groups. Now let q be an odd prime number, and let
be the standard Hecke group attached to q. By Kurosh's subgroup theorem, a subgroup ∆ ≤ H(q) is of the form
with cardinal numbers λ(∆), µ(∆), and ν(∆). Moreover, if ∆ has finite index in H(q), comparing the Euler characteristic of ∆ with that of H(q) shows that λ(∆), µ(∆), ν(∆) are finite, and are connected to the index (H(q) : ∆) via the relation
Our next result which, in the case of the modular group, goes back to Millington [19, Theorem 1] , provides a refinement of the bijection Φ in the proof of Proposition 3(ii) by taking into account the isomorphism type
of a finite-index subgroup ∆ in H(q).
Proposition 4. Let q be an odd prime, let ∆ be a subgroup of finite index n in H(q), and let ϕ : H(q) → S n be a transitive permutation representation of H(q) such that ∆ ϕ = ∆. Then ϕ(x) has precisely λ(∆) fixed points, and ϕ(y) has exactly µ(∆) fixed points, where x, y are as in (3.1).
Proof. As in the proof of Proposition 3, choose elements γ 1 , γ 2 , . . . , γ n ∈ H(q) such that
i.e., {γ 1 , γ 2 , . . . , γ n } is a left transversal for H(q) modulo ∆. The equation ϕ(x)(j) = j is equivalent to the condition that x γ j ∈ ∆; in particular, the assignment
defines a mapping Φ x from the set of fixed points of ϕ(x) to the set of conjugacy classes of elements of order 2 in ∆. If
is such a conjugacy class, then x ′ is in ∆ and has order 2; thus, by the torsion theorem for free products (cf., for instance, Theorem 1.6 in Chapter IV of [18] ), there exists an element γ = γ j δ such that
It follows that x γ j ∈ ∆, i.e., ϕ(x)(j) = j, and C = C j ; that is, Φ x is surjective. To prove injectivity, let j and k be fixed points of ϕ(x), and suppose that C j = C k ; that is,
Consequently, the element γ j δγ
as desired. We conclude that the fixed points of ϕ(x) are in one-to-one correspondence with the λ(∆) conjugacy classes of elements of order 2 in ∆. By a similar argument, the fixed points of ϕ(y) are in one-to-one correspondence with the µ(∆) conjugacy classes of cyclic subgroups of order q in ∆, completing the proof.
It is customary to translate these facts into a geometric language. To every transitive permutation representation ϕ : H(q) → S n there corresponds a diagram D ϕ consisting of n labelled vertices, red undirected loops, blue undirected loops, red undirected edges, and blue directed edges, constructed as follows: the vertices of D ϕ are labelled with the elements of the standard set [n]; for i, j ∈ [n] such that ϕ(x)(i) = j, the vertices labelled i and j are joined by an undirected red edge (a loop if i = j); for i, j ∈ [n] with i = j and ϕ(y)(i) = j, we draw a directed blue edge from vertex i to vertex j, while, for i = j, we attach an undirected blue loop to vertex i. In this way, the set T n (H(q)) is in bijective correspondence with the set D n,q of diagrams on n vertices labelled with the elements of the standard set [n], such that (a) each vertex has a red loop, or is incident with exactly one red edge, (b) each vertex has a blue loop, or is contained in precisely one oriented blue q-gon, (c) the red and blue edges together give a connected figure.
The elements of D n,q are the coset diagrams of order n associated with the Hecke group
The set of orbits U n \D n,q is in bijective correspondence with the subgroups of index n in H(q), and each equivalence class of diagrams has (n − 1)! elements. Further, if D is a diagram corresponding to the index n subgroup ∆ D ≤ H(q), then D contains precisely λ(∆ D ) red loops and µ(∆ D ) blue loops. Our next result, while spelling out certain numerical constraints, also provides a geometric interpretation for the quantity ν(∆ D ).
is a diagram containing k blue q-gons and e red edges, and with associated subgroup ∆ D , then
Proof. If n = 1, then D consists of one vertex labelled 1, with a red and a blue loop attached to it. Thus, k = e = 0 and, by (3.3), ν(∆ D ) = 0. Similarly, for n = 2, the diagram D consists of two vertices labelled 1 and 2, respectively, each having a blue loop attached to it, and joined by a red edge. Thus, k = 0, e = 1, and, by (3.3), ν(∆ D ) = 0. One checks that in both cases assertions (i)-(iii) hold true. Hence, for the rest of the proof, we may assume that n > 2.
Since, by (b), the q-gons are disjoint, we must have kq ≤ n; the n − qk vertices not involved in a q-gon must carry blue loops. By (c), there exist at least k − 1 red edges joining vertices of distinct blue q-gons, and a further n − qk red edges, each joining a vertex with a blue loop to a vertex of a q-gon (here we need that n > 2). Thus, there are at least n − (q − 1)k − 1 red edges. Since
It is not hard to see that, conversely, whenever inequalities (i) and (ii) are satisfied, a diagram D with specifications as described in Proposition 5 does indeed exist.
Counting finite-index subgroups in Hecke groups via coset diagrams
The main purpose of this section is to establish the fact that, for every odd prime q and each integer n ≥ 1, we have
so that these numbers do in fact not enter into the mod 2 calculation of s H Γm(q) (n), despite their appearance in Proposition 1; cf. Theorem 16.
If ∆ is a subgroup of index n in H(q) with µ(∆) = 0, then we must have q | n by Equation (3.3) plus the fact that q is a prime. Hence,
in particular, M q (n) ≡ 0 (mod 2) in this case. We are thus reduced to checking the case where n = qk with k ≥ 1. Using coset enumeration techniques, the numbers M q (qk) are expressed as a sum of certain combinatorially defined quantities M q (qk; e, k) divided by
. As a next step, an explicit formula for M q (qk; e, k) is found in Proposition 9. Subsequently, this explicit formula is used to show that M q (qk) is always even for q ≥ 5; see Proposition 12. Finally, the corresponding fact for q = 3 is established in Proposition 15, building on the work of Stothers [33] . A curious side result is Proposition 10, which provides a closed form product formula for M q (qk; e, k) in the minimal case e = k − 1. As already mentioned in the introduction, the next subsection addresses, in complete generality, the problem of enumerating the index n subgroups in H(q) which are isomorphic to C * λ 2 * C * µ q * F ν for fixed λ, µ, ν.
4.1.
Enumerating finite-index subgroups of given type. Let n, m 1 , m 2 be integers with n > 0 and m 1 , m 2 ≥ 0. Suppose that we are given a set of m 2 disjoint oriented blue q-gons, the vertices of the i-th one being labelled q(i − 1) + 1, . . . , qi − 1, qi in order, as well as n − qm 2 additional vertices labelled qm 2 + 1, qm 2 + 2, . . . , n. We consider (mixed) graphs resulting from the previously described q-gons and additional vertices by drawing m 1 undirected red edges, such that each vertex is incident with at most one red edge, and such that a connected graph is obtained. (Here, for connectivity, both the blue and red edges are taken into account.) Let M q (n; m 1 , m 2 ) be the set of all these graphs, and let M q (n; m 1 , m 2 ) be the cardinality of M q (n; m 1 , m 2 ).
Denote by s q (n; m 1 , m 2 ) the number of index n subgroups ∆ in H(q) of representation type
that is, the generator x in (3.1) acts as a product of m 1 2-cycles and n − 2m 1 fixed points on the coset space H(q)/∆, while the generator y in (3.1) acts as a product of m 2 q-cycles and n − qm 2 fixed points on H(q)/∆. We note that in our situation the representation type m(∆) and the isomorphism type t(∆) of a finite index subgroup ∆ determine each other. More precisely, if ∆ is of index n in H(q), then m(∆) is given by (4.3) if and only if t(∆) is given by
The numbers M q (n; m 1 , m 2 ) and s q (n; m 1 , m 2 ) are related in the following way.
Lemma 6. For an odd prime q and integers n, m 1 , m 2 with n > 0 and m 1 , m 2 ≥ 0, we have
Proof. Clearly, a graph G ∈ M q (n; m 1 , m 2 ) can be made into a coset diagam D ∈ D n,q by adding a red loop at each vertex not incident with a red edge and a blue loop at each vertex not incident with a blue q-gon. The subgroup ∆ D corresponding to such a diagram has index n and representation type
Conversely, such a subgroup leads to a graph G ∈ M q (n; m 1 , m 2 ) for some labelling of the vertices by deleting all red and blue loops in a corresponding coset diagram.
In order to construct all possible labellings, first choose labels for the vertices involved in some q-gon in n qm 2 ways. These chosen labels can be used to label the m 2 q-gons in
ways. On the other hand, there is only one way to label the additional (n − qm 2 ) vertices by the remaining labels, these being completely indistinguishable. Hence, the number of coset diagrams corresponding to subgroups of index n and representation type
. Our claim follows now from Proposition 3 upon little simplification. Relation (4.5) allows us to compute the subgroup numbers s q (n; m 1 , m 2 ) in terms of the geometrically defined quantities M q (n; m 1 , m 2 ). As our next result shows, it is enough to consider the latter numbers in the case when q | n.
Lemma 7.
For an odd prime q and integers n, m 1 , m 2 with n > 0 and
Proof. Given a graph in M q (n; m 1 , m 2 ), removal of all vertices not involved in some qgon together with all incident (red) edges leaves a graph in M q (qm 2 ; m 1 + qm 2 −n, m 2 ). Conversely, starting from a graph in M q (qm 2 ; m 1 + qm 2 − n, m 2 ), among the vertices involved in a q-gon there are qm 2 −2(m 1 +qm 2 −n) = 2n−2m 1 −qm 2 vertices not incident with a red edge. From these vertices we choose n − qm 2 vertices in 2n−2m 1 −qm 2 n−qm 2 ways and, having chosen them, we connect each of them by means of a red edge to exactly one of a new set of vertices labelled {qm 2 + 1, qm 2 + 2, . . . , n}. This last step can be done in (n − qm 2 )! different ways. Hence, in total we obtain the relation (4.6).
Since we shall make use of it later on, we point out that a combination of Lemmas 6 and 7 yields the relation
Corollary 8. (i) Let k and e be integers with k ≥ 1 and 0 ≤ e ≤ qk/2. Then the number of subgroups ∆ in H(q) of index qk and type
In particular, we have
where f q (n) is the number of free subgroups of index n in H(q).
(ii) For k ≥ 1, the number M q (qk) of subgroups ∆ ≤ H(q) of index qk and with µ(∆) = 0 is given by
(4.10) (iii) We have s q (1) = s q (2) = 1, and, for n > 2,
Proof. Setting (H(q) : ∆) = qk, λ(∆) = qk − 2e, and µ(∆) = 0 in Equation (3.3), we find that ν(∆) = e − k + 1, so that t(∆) agrees with (4.8). Hence, setting n = qk, m 1 = e, and m 2 = k in (4.7), the first part of (i) follows. The particular statement in (i) as well as Assertion (ii) are immediate consequences. Finally, Assertion (iii) results upon setting m 1 = e + n − qk and m 2 = k in (4.7) and summing over all e and k.
4.2.
Calculation of the numbers M q (qk; e, k). Our next result provides a rather complicated looking but explicit formula for the quantities mentioned in the title. This formula in turn will enable us to determine the parity of the numbers M q (n) for q ≥ 5.
, we have
(4.12)
Proof. According to the definition of M q (qk; e, k), we want to enumerate the elements of the set M q (qk; e, k); that is, connected graphs consisting of k oriented blue q-gons and e (unoriented) red edges connecting vertices of the q-gons in such a way that no two red edges share a vertex.
Let the q-gons be denoted by P 1 , P 2 , . . . , P k in order (according to their smallest vertex label), and let Π(k) be the set of all partitions of the standard set [k].
For a partition π ∈ Π(k) with γ blocks, we write M =π (k; e 1 , e 2 , . . . , e γ ) for the number of ways to draw e = e 1 + e 2 + · · · + e γ red edges among the vertices of the q-gons in such a way that no two edges share a vertex, and such that the connectivity structure of the resulting graph corresponds to the partition π; that is, if {i 1 , i 2 , . . . , i j } is the l-th block of π (the blocks can be canonically ordered with respect to their smallest elements), the q-gons P i 1 , P i 2 , . . . , P i j form a connected component of the graph and, moreover, there are exactly e l red edges in this component. Analogously, let M ≤π (k; e 1 , e 2 , . . . , e γ ) be the number of ways to draw e = e 1 + e 2 + · · ·+ e γ red edges such that no two edges share a vertex and such that the connectivity structure of the resulting graph is described by a partition which is equal to or finer than π (in the usual partial order on set partitions; cf., for instance, [32, Example 3.1.1(d)]), and such that the same condition is satisfied with regard to the distribution of the red edges.
Clearly, for fixed e and π ∈ Π(k), and denoting by |π| the number of blocks of π, we have 
where µ denotes the Möbius function of the partition lattice Π(k). In particular, for
(the maximum element in the partition lattice Π(k)), we have
The numbers M ≤σ (k; f 1 , f 2 , . . . , f |σ| ) are easily determined: if {i 1 , i 2 , . . . , i j } is the l-th block of σ, then this means that f l edges are to be drawn arbitrarily among the vertices of the q-gons P i 1 , P i 2 , . . . , P i j , subject only to the restriction that no two edges are allowed to share a vertex. The number of ways to do this is (jq)(jq
Hence, if ρ 1 , ρ 2 , . . . , ρ |σ| are the block sizes of σ, we have
The Möbius function µ(σ,1) is known as well, namely one has
cf., for instance, [32, Example 3.10.4] . Finally, for fixed ρ 1 , ρ 2 , . . . , ρ γ with ρ 1 + ρ 2 + · · · + ρ γ = k, the number of ordered partitions of {1, 2, . . . , k} (here, "ordered" means that the order of the blocks matters), the block sizes of which are ρ 1 , ρ 2 , . . . , ρ γ , is given by
. Every partition in Π(k) with γ blocks giving rise to exactly γ! ordered partitions of {1, 2, . . . , k} by permuting the blocks, we must in the end divide by γ! in order to get rid of the overcounting. If everything is put together, (4.13) transforms into (4.12).
Remark. A combination of (4.7) and Proposition 9 yields an explicit formula for the number s q (n; m 1 , m 2 ) of index n subgroups in H(q) of representation type
Although this is not apparent from (4.12), the number M q (qk; e; k) admits a simple product formula representation in the case when e = k −1; that is, when the underlying graph formed by the red edges and the q-gons (collapsed to vertices) is a tree. Rather embarrassingly, we have not been able to deduce Formula (4.14) below directly from the formula of Proposition 9.
Proposition 10. We have M q (q; 0, 1) = 1, and for k ≥ 2,
where an empty product must be interpreted as 1.
Proof. The proof consists in converting the problem of counting the elements of M q (qk; k − 1, k) into a counting problem for certain planar maps. The latter problem has already been solved by Goulden and Jackson in [11] in connection with the computation of connection coefficients for the symmetric group.
Indeed, recall that the set M q (qk; k −1, k) consists only of connected graphs. Thus, the only way to generate an element of M q (qk; k − 1, k) out of k blue q-gons and k − 1 red edges is by starting from a tree with vertices labelled v 1 , v 2 , . . . , v k (and, hence, k − 1 edges, which we assume to be red), blowing up the vertices of the tree to q-gons, and gluing one end of a red edge originally connecting v i and v j to a vertex of the polygon corresponding to v i , the other to a vertex of the polygon corresponding to v j , in such a way that no two red edges share a vertex. Finally, we label the vertices of the polygon corresponding to v i by qi − q + 1, . . . , qi − 1, qi in circular order.
Such an object can be embedded canonically in the plane without crossings of edges by requiring that all polygons are embedded with clockwise circular labelling. Deleting all labels and marking the vertex originally labelled by 1, we obtain a certain set M(q, k) of graphs in which one vertex is marked. Figure 1 .a shows such a graph in M (3, 5) ; there, the marked vertex is indicated by a black square, red edges are indicated as undirected edges, while the blue edges are the directed edges. We observe that since, starting with an object from M(q, k), we have (k − 1)! possibilities to decide from which set of the form {qi − q + 1, . . . , qi − 1, qi} to take the labels for a given unmarked q-gon, and subsequently, for each of the k − 1 unmarked q-gons, we have q possibilities where to start the clockwise labelling. The problem of counting the elements of M q (qk; k − 1, k) has thus been reduced to the problem of finding the cardinality of the set M(q, k).
To make the link with [11] , given an element of M(q, k), we translate it into a factorization
of the "long" cycle (1, 2, . . . , qk) into the product of two permutations in S qk , π 1 consisting of k cycles of length q, and π 2 consisting of k − 1 cycles of length 2 and fixed points otherwise. To explain this translation, consider Figure 1 , which illustrates an example for q = 3 and k = 5. Given an element of M(q, k), we determine labels for all vertices in the following way: the marked vertex is labelled 1. Now we suppose that we already have labelled i vertices by 1, 2, . . . , i. Placing ourselves in the vertex labelled i, v i say, there are two possibilities: either this vertex is incident to a red edge or not.
In the first case, we move from v i along the red edge, arriving in the vertex u, say, and then continue along the blue edge emanating from u. The vertex which we reach at the other end of this blue edge is labelled i + 1. In the second case, we simply move along the blue edge emanating from v i , and we label the vertex which we reach at the other end of this blue edge by i + 1. Figure 1 .b shows the resulting labelling in our example. From the labelling we can read off a factorization (4.15) by interpreting a q-gon with vertices labelled j 1 , j 2 , . . . , j q in clockwise order as the cycle (j 1 , j 2 , . . . , j q ) and letting π 1 be the product of all these cycles, and by interpreting a red edge with end vertices j 1 , j 2 as the transposition (j 1 , j 2 ) and letting π 2 be the product of all these transpositions. In this way, our example in Figure 1 13) . It is not difficult to see that this translation defines a bijection between elements of M(q, k) and factorizations (4.15) where the disjoint cycle factorization of π 1 consists of k cycles of length q, and where the disjoint cycle factorization of π 2 consists of k − 1 cycles of length 2 and fixed points otherwise. The solution of the enumeration problem for these objects is then found in [11, Theorem 3.2] by specializing n = qk, m = 2, α 1 = (q k ), and α 2 = (2 k−1 , 1 qk−2k+2 ).
4.3.
The parity of the numbers M q (n). Let I n denote the number of solutions of the equation x 2 = 1 in the symmetric group S n . It is well known that where, as usual, v 2 (α) stands for the 2-adic valuation of α. For our purposes, the weaker estimate The following auxiliary result (Lemma 11), whose proof will be given in Section A.1 in the appendix, is needed to bound the 2-adic valuation of the numbers M q (qk) in the case when q ≥ 5; see Proposition 12.
Proposition 12. For a prime number q ≥ 5 and an integer k ≥ 1, the number M q (qk) of subgroups in H(q) of index qk and with µ(∆) = 0 satisfies
In particular, M q (qk) is even for q ≥ 5 and k ≥ 1.
Proof. By Part (ii) of Corollary 8, Proposition 9, and (4.16), we have
For fixed γ and ρ 1 , ρ 2 , . . . , ρ γ , we bound the 2-adic valuation of the corresponding summand in the sum in the last line, S(γ; ρ 1 , . . . , ρ γ ) say. Namely, without loss of generality, let ρ 1 , ρ 2 , . . . , ρ α be the ρ j 's for which qρ j ≡ 1 (mod 4). Then we have
and hence, by a combination of (4.17) and Lemma 11,
The 2-adic valuation of M q (qk) is at least the minimum of the expression displayed in the last line taken over all possible choices of α. This minimum is exactly the expression on the right-hand side of (4.20) .
To see that the right-hand side of (4.20) is always positive for q ≥ 5, one observes that v 2 (k − 1)! ≤ k − 2 as long as k ≥ 2, and thus
provided that k ≥ 2. For k = 1, it can be verified directly that the right-hand side of (4.20) is positive.
Proposition 12 leaves open the case when q = 3, which is settled in Proposition 15 below, making use of results in [33] . The following auxiliary result (Lemma 13) will be used in the proof of Proposition 15; it also bears on the parity of the numbers M q (qk; k − 1, k)/(k − 1)! in the case when q is a Fermat prime; see Corollary 14. The (straightforward but somewhat lengthy) proof of Lemma 13 is recorded in Section A.2 in the appendix.
Lemma 13. Let λ, k ≥ 1 be integers. Then
if, and only if,
Corollary 14. Let q be a Fermat prime, and let k be a positive integer. Then
if, and only if, k = (q − 1)
Proof. For k ≥ 2, Equation (4.14) gives
a congruence which is also seen to hold for k = 1. Since q is a Fermat prime, we have q − 1 = 2 λ for some λ ≥ 1, and our claim follows from Lemma 13.
Proposition 15. For k ≥ 1, the number M 3 (3k) of subgroups ∆ of index 3k in the modular group H(3) = PSL 2 (Z) with the property that µ(∆) = 0, is even.
Proof. Our starting point is again Corollary 8 (ii), more precisely, the fact that
Concerning the summands occurring on the right-hand side of (4.23), Stothers shows the following:
and
27) where f 3 (n) is the number of free subgroups of index n in H(3), and the product in (4.27) has to be evaluated as 1 if 2e = 3k − 1; cf. Propositions 1.7 and 1.8 and Formula (3) in [33] . Of course, Equation (4.24) also follows from our Proposition 10. By (4.27) and Legendre's formula for the p-adic valuation of factorials, we have, Indeed, since 2e < 3k, we have s 2 (3k − 2e) ≥ 1; hence, all summands on the right-hand side of (4.28) are non-negative. For this right-hand side to vanish, it is thus necessary and sufficient that (i) k is odd, (ii) e − k + 1 = 2 σ for some σ ≥ 1, and (iii) 3k − 2e = 2 λ for some λ ≥ 0. It follows from (ii) and (iii) that k = 2 σ+1 + 2 λ − 2, which is odd only for λ = 0, whence (4.29).
The parity behaviour of f 3 (6λ) also gives that 
provided that k ≥ 2. By Lemma 13 with λ = 1, we have
Combining the last two assertions, we find that
Finally, M 3 (3) = M 3 (3; 0, 1) + M 3 (3; 1, 1) = 1 + 3 ≡ 0 mod 2, and the proof is complete.
Putting together the observation that M q (n) = 0 whenever q ∤ n (see the start of this section) with Propositions 12 and 15, we obtain the main result of this section.
Theorem 16. For each odd prime q and every integer n ≥ 1, the number M q (n) of index n subgroups ∆ in H(q) with the property that µ(∆) = 0, is even.
Generalized parity patterns of Hecke groups
The main result of this section computes the parity behaviour of the generalized subgroup numbers of H(q), with q an odd prime, in the case when H is of even order; see Theorem 24. Our interest in this computation stems from the fact that, in this setting, s
, where the N q (n)'s enter into the mod 2 calculation of s H Γm(q) (n) via Proposition 1. Indeed, writing
for a subgroup U in H(q), in accordance with Kurosh's subgroup theorem, we have
By Frobenius' theorem (cf. [9] or [12, Theorem 9.1.2]) concerning the equation x n = 1 in a finite group, the assumption |H| ≡ 0 (mod 2) implies that | Hom(C 2 , H)| is even. Furthermore, we have
Hence, if |H| is even, it follows that, modulo 2,
as claimed.
On the other hand, it was shown in particular in [23] that -just as subgroup numbers are connected with the enumeration of permutation representations -the generalized subgroup numbers s H Γ (n) of a finitely generated group Γ are related to the function | Hom(Γ, H ≀ S n )| counting monomial representations of Γ via the identity
or, what comes to the same thing, via the recurrence relation
This follows from [23, Cor. 1] by setting Σ = ∅, Λ = N, M = N 0 , and replacing the variable z by z/|H|. For a (relatively) untechnical account of the theory of generalized permutation representations, which gives rise (among other things) to Formula (5.3), the reader may consult the survey papers [24] and [25] . Introducing the series 
Identity (5.3) takes the form
Equation (5.4) specializes to the relations
where we use the same convention concerning 1 n! as in Formula (4.16). For n, k ∈ Z, let
still making use of the same convention concerning
, and set
The reader should note that, in view of (5.6), we have
Multiplying (5.7) by β n−k /(h n−k (n − k)!) and (5.8) by α n+k /(h n n!), we obtain the relations
(5.10)
Multiplication by z n+1 and summation over n ∈ Z, transforms Equation (5.9) into the relation
11) while multiplication by z n+k and summation over n ∈ Z turns (5.10) into
Clearly, by iterating Relation (5.11), we can express every function F k with k ≥ 0 in terms of derivatives of F 0 and F 1 alone; more precisely, define integral coefficient systems c
Then we have the following. as above,
The proof of Lemma 17, which, again, is straightforward but somewhat technical, will be given in Section A.3 in the appendix.
For later usage, we record evaluations of c
k modulo 2 as given by the following two lemmas.
where δ s,t is the Kronecker delta.
Proof. As we observed at the start of this section, the assumption h ≡ 0 mod 2 implies that a ≡ 0 mod 2. Hence, the definition of c
We now argue by induction on k. For k ≤ 2, Formula (5.14) clearly holds. Supposing that (5.14) holds true for k < K with some K ≥ 3, the inductive hypothesis gives
as required. The proof of Formula (5.15) is similar.
where, again, δ s,t is the Kronecker delta.
Proof. The assumption h ≡ 1 (mod 2) implies that a = 1. The rest of the proof is similar to the proof of the preceding lemma, and is omitted.
Multiplying (5.12) for k = 0 by z 2 , substituting (5.11) with k = 0, and computing F q−1 (z) by means of Lemma 17, we find that
with f (z) := F 0 (z). Next, taking k = 1 in (5.12) and computing F q (z) by means of Lemma 17, we obtain the equation
Similarly, combining Equation (5.12) for k = 2, 3, . . . , q − 2 with Lemma 17, we obtain further equations, which together with (5.18) and (5.19) form a system of q − 1 linear equations over the field Q((z)) in the variables
1 (z), . . . , F (q−2) 1 (z). More specifically, we find that∆
. . . 20) where∆ q = (h λ ω κ,λ ) 0≤κ,λ≤q−2 , with ω κ,λ and b κ (z) given explicitly in terms of b, h, the c
k 's, and the derivatives of f (z), as described in Section A.4 in the appendix.
5.2.
The determinant of the system, and its minors. Denote by 0∆q the matrix obtained from∆ q by replacing the 0-th column with the right-hand side of (5.20), and by 0 ∆ q the corresponding matrix obtained from ∆ q := (ω κ,λ ) via the same operation.
2 ) det 0 ∆ q , and, according to Cramer's Rule and Laplace's expansion theorem,
where ∆ κ,0 is the matrix obtained from ∆ q by deleting the κ-th row and 0-th column. We are assuming here, of course, that det ∆ q = 0, a fact which follows, among other things, from our next two auxiliary results, whose proofs will be given in Sections A.5 and A.6 in the appendix, respectively.
Lemma 20. For h ≡ 0 (mod 2), we have
Lemma 21. For h ≡ 1 (mod 2), we have
if κ ≥ 2 and q ≡ 1 (mod 4) 0; if κ ≡ 1 (mod 4) and q ≡ 3 (mod 4)
; if κ = 4κ ′ + 2 and q ≡ 3 (mod 4)
; if κ = 4κ ′ + 3 and q ≡ 3 (mod 4)
A functional equation for S
H H(q) (z). The following auxiliary result, whose proof is recorded in Section A.7 in the appendix, is concerned with computing the expressions
over Z and modulo 2 in terms of the series S H Γ (z). (The reader should recall (5.5).) Lemma 22. Let Γ be a finitely generated group, H a finite group, and let h = |H|.
and the coefficients ν! j≥1 (j!) π j π j ! are integers.
(ii) For each ν ∈ N 0 , the series (5.21) is an integral power series in z, and satisfies the congruence
where {Θ ν (z)} ν≥0 is the family of polynomials in z determined recursively via
Then, by Leibniz's formula for the derivatives of a product function, we have
Inserting (5.25) into (5.19), multiplying throughout by (det ∆ q ) q+1 2 , and dividing by the series f (z), we obtain the relation
where the reader should recall that f (z) = F 0 (z) = H H H(q) (z). Two kinds of results may be derived from the last identity: first, an integral recurrence relation for the function s H H(q) (n) for each given q in terms of the parameters h = |H|, a = | Hom(C 2 , H)|, and b = | Hom(C q , H)|; second, a description of the parity behaviour of s H H(q) (n) for all q. We illustrate the first type of result below with the case of the modular group H(3). As concerns the second kind of result, we note that s H H(q) (n) ≡ s q (n) (mod 2) for |H| odd. Since the parity behaviour of s q (n) is known (see Theorem 2), we shall concentrate here on the case where |H| is even, which yields the parity of the numbers N q (n).
The case of H(3).
For q = 3, Eq. (5.26) reduces to
We have
with initial values and so, modulo 2,
Here we have used Lemma 20 to evaluate det ∆ q and det ∆ κ,0 modulo 2, the facts, following from Lemma 18, that d ) (z)/f (z). This leaves the double sum Σ on the right-hand side of (5.26). Clearly, for 0 ≤ κ ≤ q −2 and 0 ≤ η ≤ ν,
is an integral power series, and we have
From this observation it follows that, for 0 ≤ λ ≤ ν, the expression
is an integral power series, and that
From (5.31) in turn, we conclude that each summand of Σ (and hence Σ itself) is an integral power series, and that
Next, using the fact that, by Lemma 18,
the right-hand side of (5.32) in its turn is congruent modulo 2 to
which, in view of (5.31) and Lemmas 20(i) and 22(ii), simplifies further to give
Using the notation v η f (v) for the coefficient of v η in the power series f (v), Lagrange inversion (cf. [32, Theorem 5.4.2] ) implies that, for η ≥ 1, we have
Substituting back,Ŝ H q (z) is found to be given explicitly bŷ
which in turn allows us to deduce that
Since q is an odd prime, and, hence, (q − 1)η + 1 is odd, we have shown that, for |H| even, s 
for the 2-adic valuation of a binomial coefficient, we find that
and our statement concerning s H q (n) can be rewritten as s H q (n) ≡ 1 (mod 2) if, and only if, n = 2 + 4(q − 1)η for some η ≥ 0 satisfying (5.34). In view of (5.2), this establishes the theorem.
In the case where q is a Fermat prime we can be more explicit. for some σ ≥ 0.
Proof. If q is a Fermat prime, that is, q − 1 = 2 λ is a non-trivial 2-power, then
and Equation (5.34) simplifies to
Therefore (q − 2)η + 1 must be a 2-power, (q − 2)η + 1 = 2 τ , say. Equivalently, this is
from which we infer that τ must be a multiple of λ, τ = λσ say. Hence, we find that η must be of the form
and, conversely, for these values of η, Equation (5.38) indeed holds true. We conclude that, in the case when q is a Fermat prime, N q (n) is odd if, and only if,
and the corollary is proven.
Remark. A detailed analysis of (5.26) in the case when h = |H| is odd, making use of Lemma 21, eventually leads to a new proof of Theorem 2, the case where q ≡ 3 (mod 4) being particularly involved.
The main result
Here we summarize our findings concerning the parity behaviour of the generalized subgroup numbers of the groups Γ m (q) from the previous sections. If we combine Proposition 1 with Theorems 2, 16, and 24, then we obtain the following result.
Theorem 26. For m, n ≥ 1, an odd prime q, and a finite group H with gcd(m, |H|) = 1 we have s
where s
In the case where q is a Fermat prime, we can be more explicit. Namely, if we combine Proposition 1 with the particular statement in Theorem 2, Theorem 16, and Corollary 25, we arrive at the following conclusion.
Corollary 27. For m, n ≥ 1, a Fermat prime q, and a finite group H with gcd(m, |H|) = 1 we have s
Let us fix a Fermat prime q = 2 λ + 1. Suppose that p is an odd prime with the property that the multiplicative group generated by q − 1 does not contain 2 −1 q modulo p. (6.1)
Then the equation
2) has no solutions (t 1 , t 2 , σ 1 , σ 2 ) where p | t 1 , but p ∤ t 2 , since otherwise we would have
contrary to our assumption on p. Hence, if q is a Fermat prime, and if the prime divisors of m are among the set consisting of 2, q, and primes p satisfying Condition (6.1), then we obtain for all H with gcd(m, |H|) = 1 that s H Γm(q) (n) ≡ 1 (mod 2) if, and only if, n = t Proof. This is a simple application of quadratic reciprocity. Let us first consider the case when q = 3. If p = 3 is an odd prime not satisfying Condition (6.1) with q = 3, then we have 2 α ≡ 3 mod p for some α ≥ 1, implying 3 p = +1 or 6 p = +1, according to whether or not α is even. Hence, every prime p ≡ ±1 (mod 8) not satisfying (6.1) with q = 3 has the property that 3 p = +1. By quadratic reciprocity,
for each prime p not satisfying (6.1) with q = 3 and such that p ≡ ±1 (mod 8). It follows from this that every prime p such that p ≡ ±1 (mod 8) and
will satisfy Condition (6.1) with q = 3. Thus, both p ≡ 1 (mod 8) and p ≡ 2 (mod 3)
as well as p ≡ 7 (mod 8) and p ≡ 1 (mod 3)
are hypotheses sufficient to ensure that p meets Condition (6.1) with q = 3. The first pair of congruences is equivalent to p ≡ 17 (mod 24), while the second one is equivalent to p ≡ 7 (mod 24), whence Assertion (i).
For a Fermat prime q with q > 3, we have q ≡ 1 (mod 4), so p q = q p for any odd prime p = q by quadratic reciprocity. Consequently, if p is such that p ≡ ±1 (mod 8) and (6.1) does not hold for p, then we find that
while for p ≡ ±3 (mod 8) such that (6.1) does not hold, we obtain p q = −1. Hence, every prime p satisfying either p ≡ ±1 (mod 8) and
will meet Condition (6.1). Thus, it only remains to translate the statement concerning p q into a congruence condition modulo q, and to solve the resulting pairs of congruences, each pair leading to an equivalent congruence conditon for p modulo 8q. ensure that p meets Condition (6.1) with q = 5. This yields Part (ii), while a corresponding calculation for q = 17 gives Assertion (iii).
For q a Fermat prime and m subject only to the condition that gcd(m, |H|) = 1, we claim that (6.3) holds true for n ≥
. To prove this, it suffices to give an upper bound for non-diagonal solutions of Equation (6.2). Assume that t 2 > t 1 . Then
and we compute:
, where we have used (6.4) in the last step. Our claim follows now from Corollary 27 and the fact that t 2 ≤ 2m.
In particular, we see from the last observation and (6.3), that the parity behaviour of s H Γm (n) as a function in n determines m up to a power of q, provided that gcd(m, |H|) = 1.
As a final example, we compute the parity behaviour of s H Γm(q) (n) for q = 3 and m = 625. We have to determine the non-diagonal solutions of the equation
for σ 1 , σ 2 ≥ 1 and t 1 , t 2 | 1250. We have t 1 ≡ t 2 (mod 2); thus, we may concentrate on the case when both t 1 and t 2 are odd, bearing in mind that each non-diagonal solution of (6.5) with t 1 , t 2 odd gives rise to two non-diagonal solutions, namely (t 1 , t 2 , σ 1 , σ 2 ) and (2t 1 , 2t 2 , σ 1 , σ 2 ).
Suppose without loss of generality that t 2 > t 1 , and let δ := v 5 (t 2 ) − v 5 (t 1 ). For δ = 1, we deduce that 2 σ 1 +1 ≡ 3 (mod 5), which is equivalent to σ 1 ≡ 2 (mod 4). The case where σ 1 = 2 leads to the solutions
If σ 1 = 6, 10, then 2 σ 2 +1 would have to equal 28 respectively 412, which is impossible; while for σ 1 ≥ 14, we deduce that
contradicting the estimate 2 σ 2 +1 − 3 < t 2 ≤ 625 obtained above. Hence, the only non-diagonal solutions of (6.5) with t 1 and t 2 odd and δ = 1 are given by (6.6).
For δ = 2, we get that 2 σ 1 +1 ≡ 3 (mod 25), which is equivalent to σ 1 ≡ 6 (mod 20). The case where σ 1 = 6 leads to the solutions
If σ 1 ≥ 26, then we deduce that
again contradicting the estimate 2 σ 2 +1 − 3 < t 2 . Consequently (6.7) describes the only non-diagonal solutions of (6.5) with t 1 , t 2 odd and δ = 2. For δ = 3, we have 2 σ 1 +1 ≡ 3 (mod 125), which is equivalent to σ 1 ≡ 6 (mod 100), leading to the solutions (t 1 , t 2 , σ 1 , σ 2 ) = (5 a , 5 a+3 , 6, 1), a = 0, 1. (6.8)
Finally, for δ = 4, we have 2 σ 1 +1 ≡ 3 (mod 625), which is equivalent to σ 1 ≡ 106 (mod 500). But 106 is already well above the range allowed for σ 1 . Hence, there is precisely one non-diagonal solution of (6.5) for n = 5, 10, 25, 50, 3125, 6250; there are exactly three non-diagonal solutions for n = 125, 250, 625, 1250; and there are no nondiagonal solutions for other values of n. Consequently, for gcd(5, |H|) = 1, Assertion (6.3) holds true for n > 6250, while for n ≤ 6250 we have is equal to the number of carries, C say, occurring during addition of the numbers ρ 1 , ρ 2 . . . , ρ α . If we assume that, in total, we find E ℓ 1's as the ℓ-th digit in the binary representations of ρ 1 , ρ 2 . . . , ρ α , then
According to our assumption, we have E 0 = α, whence
The second assertion is established in a similar manner.
A.2. Proof of Lemma 13. Let k = j≥0 k j 2 j be the 2-adic expansion of k. Then (ii) Now let λ = 1, so that
Application of Lucas' congruence shows that, in this case, Since, by definition of r, we have k j = 0 for 0 ≤ j < r, we again conclude that r = 1, so that the conjunction of (A.9) and (A.10) is now equivalent to 
